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Exact Solution of a Quantum Forced Time-Dependent Harmonic Oscillator

Kyu Hwang Yeon
Department of Physics, Chungbuk National Universicy
Cheong Ju, Chungbuk 260-763, Korea

Thomas F. George
Departments of Chemistry and Physics & Astronomy, 239 Fronczak Hall
State University of New York at Buffalo, Buffalo, New York 14260, USA

Chung In Um
Department of Physics, College of Science
Korea University, Seoul 136-701, Korea

The Schrodinger equation is used to exactly evaluate the propagator, wave
Iunction, energy expectation values, uncertainty values and coherent state for a
narmonic oscillator with a time-dependent frequency and an external driving time-
dependent force. These quantities represent the solution of the classical equation

of motion for the time-dependent harmonic oscillator.

I. Introduction

It is well known that an exact solution of the Schrédinger equation is
cossible only for special cases. For this reason, approximate methods are needed.
Ixact solutions provide important tests for these approximate methods and for
various models of physical phenomena. In general, the solution of the Schrédinger
equation for explicit time-dependent systems has met with limited success because
of analytical difficulties, although progress has been made during the past three
decades.l'5 Camiz et al6 have obtained the wave functions of a time-dependent
narmonic oscillator perturbed by an inverse quadratic potential, using the
Schrédinger formalism and a generating function. Further, Khandekar and Lawande7
have evaluated the exact propagator and wave function for a time-dependent harmonic
oscillator, both with and without an inverse quadratic potential, using Feynman
path integrals. 1In addition, Jannussis et 318 have calculated the propagator for
several quantum mechanical systems with friction.

In a previous paper,9 we have evaluated the propagator, wave function, energy
expectation values, uncertainty values and transition amplitudes for a quantum
damped driven harmonic oscillator by using path integral methods. Also, we have
~btained the coherent state for the damped harmonic oscillacor10 and calculated the

. . . 11
oropagator for coupled driven harmonic oscillators.




In this paper we discuss the exact quantum theory of a forced harmonic
oscillator with a time-dependent frequency. In Sec. II we evaluate the propagator
using the Schrédinger equation and path integral methods, and in Sec. III we
calculate the wave functions using the propagator. In Sec. IV we define the energy
operator and calculate energy expectation values. In Sec. V we obtain the
uncertainty values. In Sec. IV we determine the coherent state and its properties.

Finally, in Sec. VII we present results and a discussion.

II. Propagator
We consider a system whose classical Hamiltonian is of the form

1
- = p? + % Wi (t) X% - £(O)x | (2.1)

H
where x is a canonical coordinate, p is its conjugate momentum, w(t) is a frequency
as a function of time, M is a positive real mass, and f(t) is an external driving

force. The Lagrangian corresponding to the Hamiltonian (2.1) is

L = % MxZ - % Mol (t)x% + f(t)x . (2.2)

Here, the Hamiltonian H and Lagrangian L depend on time. The classical equation of

motion for our system is

)
~

v Wi ox - i £(e) . (2.3)
dc”

For the case where w(t) = @, (constant), the solution of Eq. (2.3) represents
harmonic motion; otherwise, it is difficult to evaluate the exact solution.

The path integral formulation of Feynman provides an alternate approach to
solving dynamical problems in quantum mechanics.12 In this approach, the usual

Schrédinger equation is replaced by the integral equation
Y(x,t) = I dz’ K(x,t;x't’) ¥(x',t’) (e >¢t") (2.4)

with the initial condition y(x,t) = ¥(x’',t). Here, ¥(x,t) is a wave function and
K(x,t; x',t’) is a propagator. The propagator K(x,t; x',t’) is defined by the path

integrall

(x,t) N-1
K(x,c; x',t') = 1lim I n dx, exp[M
(x',t') j=1 3

i S(x,t; x',t')] , (2.5)




where the integration is over all possible paths from the point (x’,t’) to the

point (x,t), and S(x,t; x’',t') is the action defined as

t
S(x,t; x',t') -J dr L(X,x,7) (2.6)

For a short time interval ¢, substitution of Eqs. (2.2) and (2.6) into Eq. (2.5)

gives the normalizing factor Aj and the usual Schrédinger equation:

Aj = (Zixeh/M)B 2.7)
3 # 32 12 2
if o h om - R AR Mo™(t) x" ¢ - £(t) x ¥ (2.8)
2M 3x°

Since K(x,t; x't’) can be thought of as a function of the wvariables (x,t) or of

it is a special wave function, and it satisfies Eq. (2.8):

(', c'),
3 2 52 1,2 2
iH e K(x,t; x',t') = - oM axz K(x,t;x',t') + 2 Mw™(t) x~ K(x,t; x',t")
- f(t) x K(x,t;x’',t"), (e>¢t") (2.9)

5 nf ~2 1
3 _‘-Z_ - capt -t - - g . ' ’ - ’ S At
- if P Ri{x,t;x’',t") M 5xl2 K(x,t; x't’) + 2 Mw(t') x

X R(x,tix’,t') - £(t') x' K(x,tix’,t")

(¢' > t) (2.10)
Because the Lagrangian is quadratic, the propagator has the formlz’13
K(x,t; x't’) = exp[a(t:,t’)x2 + b(t,t’)xx’ + c(t,t’)x’'" + g(r,t’')x
(2.11)

+ h(t,t’)x’ + d(t,c')]

where from Eqs. (2.9) and (2.10) we can easily deduce that the coefficient of the

third and higher powers in x is zero.
(2.9) and (2.10), we obtain the differential

Substituting Eq. (2.11) into Egs.

equations




%t_a_ziﬂj +§§w2(c) (2.12)
b oxreg) = A abxreg) + ; £(t) (2.13)
g; (ex’ Z+hx’ +d) = ﬁh a+ %ﬁ (bx'+g) (2.14)
3%7 c = i% 2 4 %ﬁ w(t')z (2.13)
5%7 (bx+h) = ﬁ% ¢ (bx+h) + i%ﬁLl (2.16)
L (axPrgrra) = 5 oxemy® + Boo (2.17)

Equations (2.12) and (2.15) are nonlinear equations. For the case where w(t) =

wo,

a solution is easily found, but in other cases it is difficult to find an exact

solution. If q(t) obeys the differential equation

2

e g + Wi a® =0, 2.
dt
chen the solutions of Egqs. (2.12)-(2.14) are
. _ i a) 2
a(t) 2% q(c) (2
i1 °
b(t)x' + g(t) = q [J ds £(s)q(s) + b ] (2.
2
b t b t
2 -k o ds o ds
c(t)X’' "+ h(t)x’' + d(t) = Inqg + I + I —
21iMK q(s)2 iMK q(s)Z
s 1 t ds s s
x | dp £(p)a(p) + 7 dp £(p)q(p) dr f(r)q(r) +d_ , (2.
2 ) (s)? °
where bo and do are constants of integration and do not depend on t, and
solutions of Eqs. (2.15)-(2.17) are
AN -4 151
c(t’) 21K q(t)) (2

tl
b(t’)x + h(t’) = ;ﬁa [I ds £(s)q(s) + b!) (2

18)

.19)

20)

21)

the

.22)

.23)




2 .
ib’ t’ ib’ .t
a(e)x® + g(t')x + d(t’) = Inq(t’) * + 5 - I ds 5+ iﬁg —95—5
q(s)” q(s)
3 1 c'ds s s

x | dp f(p)q(p) + dp £(p)q(p) | dr f(r)q(r) + d’ (2.24)

2iMK q(5)2 o
where bé and dé are constants of integration and independent of t’'. Since only t

is a variable in Egs. (2.19)-(2.21), we have suppressed t’' in a(t,t’), b(t,t’),
etc., and we have similarly suppressed t in Eqs. (2.22)-(2.24).

In polar form we may write

q(t) = n(e)e’(e) (2.25)

where n(t) and y(t) are real quantities. From Eqs. (2.18) and (2.25) we note that

7(E) - n(e) Y2(e) + wi(t) n(t) = 0 (2.26)
29(e)7(t) + n(t) y(t) = 0 (2.27)
2 [ ]

n (e)y(t) = Q (2.27")

shere the constant i i1s a time-variant quanticy. From Egqs. (2.26) and (2.27), we

find another form for the solution of Eq. (2.18) as
q(t) = n(t) sin(y-v') (2.28)
q(t’) = n(t’) sin(y-v') , (2.29)

“here v = y(t) and v' = y(t').
Substitution of Eq. (2.28) into Egqs. (2.19) and (2.21) gives

iM [&

a(e) =5y [+ ¥ cot(y-v")] (2.30)

ib
o)

Knsin(vy-v) * Hnsin

t
b(t)x’ + g(t) = 21_7,) J ds n(s)E(s) sin[v(s)-v']  (2.31)

.2
2 Sk ibg
c(t)x'” + h(e)x’ + d(t) = In[n ~ sin “(y-v')] + 2HaM cot(y-v")




b

o]

t
* ipaM sin(y-v’) I ds f(s)n(s) sin{v(s)-v')]

oS <
1
* 2iHOM sin(y-v') j ds J dp f(s)f(p)n(s)n(p)

x sin(y(s)-v']sin{v(p)-7") (2.32)

Furthermore, substitution of Eq. (2.29) into Egs. (2.22) and (2.24) gives

c(t') = %% [- ﬁ% + 3" cot(y-7")] (2.3

bl
o + 1
ifn'sin(y-v’") ifnsin(~y-v")

cl
b(t’')x + h(t') = I ds f£(s)n(s)sin(vy-v(s)]

(2.34)

2 RV ibéz
a(t’)x” + g(t')x + d(t') = In(n’ sin “(y-v')] + 2Ha cot(y-v')

ibé t’
- HMsin(r7") ds f(s)n(s) sin[vy-v(s)]

t’ t’
1
* 2iQMMsin(y-v') J ds j dp f(s)f(p)n(s)n(p)

x sinf[y(s)-vy]sin[~y(p)-v] . (2.35)

From Eqs. (2.31), (2.32), (2.34) and (2.35), we deduce that the constants bo

and bé are given as
b, = -My'n'x’ (2.36)
bl = Mynx . (2.37)
Also, from the normalization condition,

(2.38)

From Eqs. (2.30)-(2.37) and (2.27'), we find that




a(t,t') = 5 [1+ 7 cot(y-7")] (2.39)

c(t,t’) = %% ['%% + v cot(y-v")] (2.40)

b(t,t') = -;—M Sﬁﬁ? (2.41)

g(t,t') = ﬁ—izﬁ%;j;Ty' ‘ ds —%éé% sin[vy(s)-7v] (2.42)
t’ Jr(s)

h(t,t') = —ﬁ— ds =252 ginfy-v(s)] (2.43)

P( 51n(7 v ) ! ,/‘1(5)

d(ec,t’') = -

Lls) sin{y-v(s)] I dp L)

J¥(s)

21 Sln(7 ") f J1(p)

x sin{y(p)-v'] (2.44)

Inserting Eqs. (2.39)-(2.44) in Eq. (2.11), we obtain the propagator for the forced

time-dependent harmonic oscillator as

[ . "2
. ] ! = M (’Y,-Y)
K(x,t;x’'t") [zniﬁ sin(7-7')]

2o 42y

2
X exp[zb‘ (Zl - n:

iM
2K sin(vy-v')

sin{y(s)-v']

dtz
Joe A

sin[y-v(s)]

‘11‘ J ds —%iil
t’ Jr(s)

t t
. I—ZI ds ==L ginfy-q(s)] f ap (B2 sinh(p)-v’l]} .

e Jy(s) ' J7(p)
(2.45)

wvhere the unprimed and the primed variables denote the quantities which are
functions of time t and t’, respectively. It may be easily verified that for the

case where w(t) is a real positive constant w, . e have n(t) = 1 and y(t) = wot,




and the propagator of Eq. (2.45) reduces to the usual expression for a forced

. . . 12
harmonic oscillator.

IIT: Wave function
We now rewrite the propagator in another form in order to derive the wave

function:

[ M (vt ]x

K(x,t: xt) = 2xif sin(y-v')

X exp [l_M {[ X + M—/7 X J ds J_fii;— COS[‘Y"Y(S)]:I
(s

., - t’
. [27 x4 %Jv’ x' J as {82 c05[7"7(5)]}}]
" : J1(s)
_ - t
X exp[%% cot(v-v’){[/% X - i J ds _%igl Si“[7'7(s)]]2

Jr(s)

— !
+ [‘/,;1 X' - l J‘ dS _fg). sin[7'-7(5)]]2}
M .
J1(s)

. - t
i sy ([ i [ e 2 s

Jr(s)
—_ fold
X [/Q’X’ - i I ds ‘%Lél Sin[w'-v(S)]}}]
Jr(s)
x exp[2MM {cot(y -v') [[ ds 'jiél sin[-y--y(s)]]2
Jy(s)
't f(p) 2
+ cot(7-7’)L dp — 77— Sinlv'-v(P)l]
Jr(p)
+ ;;;z‘%“Ty .cds sin(y-v,) Jt dp _§121 sin{v'-v(p)]
LR JY(p)
ot
1 f(s) f(p)
TR ds —= sin{vy-v(s)] J dp —==
sin(y=7") J, Jr(s) J(p)

x Sin[v(P)-7']}] (3.1)




O

Ltir)
S RSN CON IR

X exp[%%{[n x2 + ﬁ v x J ds £(s) cos[7-7(s)]]

7 J1(s)
ol — t i
- [ﬂT x? o+ % Jr'x! J ds Tiiél c05[7'-7(8)]]}]
7 J1(s) :
|
- t
X exp[iﬁ{[/; X - i I ds ;§f§l sin[v-v(S)l]2
v(s)
— t!
A - E e 2 singy o]
J7(S)
- t
-M . 1 Ll(s) _. 2
X exp [ YT {[/7 X - J ds — 51n[7-7(s)]]
H(1-e 2O, " Ji(s)

cl
e - b ] e E2 sinieacn]?

+

" J1(s)
- t —_

c2lfy - g [ as E siagyeon] [

O s
cl . . !’
- % J ds '?iél sin[v’-v(s)]]}] e 1O(B) 18CE) (3.2)
‘ Jr(s)

vhere

F(t') - 4(t) = ZhM {cot(v -y )[I as 282 sin[v-v(S)]]z

/7(5)
, Il L f(s) ' ]2 —1
. d -
+ cot(y-v") s o sin(y'-v(s)]|" + 2 sin(v-7')

o
x I ds —%iil sin{y-v(s)] J ap —EB2 sin{y’-v(p)]

Jr(s) J1(p)
t
|7 as HE tnpyee) j L0 npypy) . B
t’ Jv(s) /V(P)

. . 14
L2t us introduce Mehler'’'s formula,
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2 2 2 2.2
exp| - + Y 52 1-2 ‘(X +Y7) } Hn(X)Hn(Y) (3.4)
J1 -2 =0 2%n!
“here
t
X = Jy L R i J ds =21 sin[1-7(5)]] (3.3)
Jr(s)
— _ t!
Y - /% [JQ'X’ - i I ds'—§L§l Sin[V’-v(S)l] . (3.6)
Jr(s)
7 - e 1Y) (3.7)

Substituting Egs. (3.4)-(3.7) in Eq. (3.2), we obtain

@

K(x,t; x',t) = } ¢§(X,t) wn(x',c') , (3.8)
n=0
wvhere
. - t
; - 1 iMin 2 2 e f(s) N
v (x.0) [2nn! h) ] {Zh[n X -y Jy x J ds o) cos(vy- (S)]]}
- t -
X exp {2V Jv x - i I ds —giél sin{vy-v(s)] 2}
Jr(s) -
H {JM° L= I sin[v-v(S]-}
n Ui /7(5) .
. 1
L{6(t) - (n+ )y (L) ]
X e . 3.9

Moreover, we may write

B (x,€) = expi[0(e) - (MP)7(D)]) $_(x.8) (3.10)
where
. — ot
¢ (x,8) = [“l‘ ﬂM ]H exp %ﬁ[ﬁ X- % Jx I ds ‘%Lil COS[7-7(S)]]}

Jr(s)
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x exp{%"[fs X - i J‘tds ?/fi—s—: sin{v- ’1(5)]] }

H [/%{ng - i j ds —§i§l sin{vy-v(s)] ] ) (3.11)
o Jy(s)

In Eq. (3.10), the wave function wn(x,c) is merely a unitary transformation of

¢n(x,t), and thus ¢n(x,t) satisfies all the properties associated with wn(x,t):

J dx Yxp = <m|n> = J dx g*¢ = & . (3.12)

m,n

The expectation value of a given operator O is
- = *
<m|0|m> f dx y* 0% J dx ¢X0¢ . (3.13)

IV. Energy expectation values

For the forced time-dependent harmonic oscillator system, both the Hamiltonian
and Lagrangian have the units of energy but depend on time. We must therefore find
a time-invariant energy operator. If B(t) is a particular solution of Eq. (2.3),

we have

d2 2
5 (x-B) +w (£) (x-f) =0 (4.1)
dt

and from Eqs. (2.26) and (2.27') we note that

7o+ wi(e) n=alm 4.2)
From Eqs. (4.1) and (4.2), we get the following expression for the energy:

E = 25 (i)’ + (Mixenp) (Br-nd) + Segh-nk)? + § ol B2 (6.3)

Because Eq. (4.3) is time invariant, we can use it for the quantum mechanical

energy operator,

2.2 )2 .
_ Bn_3 M e2 2.2 nn 8
Eop M axz + Z(n +nv )x ) (2xax + 1)

v (Bn-nB) (HE + wix) + tnyex + § 03762 4 Degi-nid? (6.4)



Equation (3.11l) now simplifies to the expression

W2 L2 a2
S ]. RIBS +1Ax e-.6 (x-8) Hn[5(¥'5)]

$ (x,t) = [
n 2% ni/m

2
- [___é___]H LAXT+BX H (5(x-6)]

2" /x

where

§ = (My/H)

_Mn
p(e) "

rvIZ
=

— ot
o) = [ s 8 costaeage)
J1(s)

t
a(r) = = f as =2 sin(y-7(s)]
My J(s)

A= ip - 62/2
B = 1ix + ﬁ62

dere, B(t) is a particular solution of Eq. (2.3).

(4.

(4.

(4.

(4

(4.

(4.

(4.

In order to evaluate the energy expectation Em - <m|E°p]n>, we perform

following calculations:

Xjn> = 7%3 [/o+l|n+1> + /n|n-1>}

x2|n> - —lg (/(n+2) (n+1) |n+2> + (2n+l) [n> + /a(n-1)|n-2>]
28
pln> = %% 2(n+l) o> + % Bln> + %(5+%) J2n|n-1>

2 2
p2|n> = -2 [2%— [y (ae D) |ne2> + 22 %5 JoT|n> + 2+ (2001 | o>
5 5

AB 2 2
+2/7 28 + §8)/An-1> + 2(A5+2A+6 ) /A1) |n>]
5

(4.

(4.

(4.

(4.

12

3)

6)

7)

.8)

9)

10)

11)

the

12)

13)

14)

15)
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xpin> = 1’1‘- A—z J2) (n+D) |n+2> + /_5 Jorl|n+l> + [—-(2n+1)+n]ln>
§ 52
+ /% Aln-1> + <—-+1>./n_(n+_1 |n-25) (4.16)
px{> = xpln> + > . (4.17)

Substituting Eqs. (4.6)-(4.17) into Eq. (4.4), we directly obtain the energy

expectation values as

K

—(nll
En,n = E = 3(n"y)(2n+l)

- QH(neg) (4.18)
This energy expectation value is a time-invariant quantity.

V. Uncertainty values

The uncertainty product defined as

%
(axap) = [[(<m|x2|n> - <m|x|n>2)*(<m|x2|n> - <m|x|n>2)]

I
x [(<m|p2]n> - <m|p|n>2)*(<m|p2|n> - <m|pln>2)]')Li . (5.1)

Inserting Eqs. (4.12)-(4.15) into Eq. (5.1), we obtain

«2

(ax8p) = (1 + 2" (DK (5.2)
’ Yn
2
(AxAp)n+2 - 1+ J(n+2)(n+1 K (5.3)
2
(8xAp) | o = (1 + 7'21-—2> /om0 K. (5.4)
TN

VI. Coherent states of the time-dependent harmonic oscillator

t

First, we construct the creation operator a' and destruction operator a. For

a forced time-dependent harmonic oscillator, it is not possible to construct a and
4

but we can construct a and aT for the time dependent harmonic oscillator. From
Zqs. (4.12) and (4.14), we obtain
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al- G Ty x - i) (6.1)
7Y My
a=C H) (- i) x + 1B (6.2)
nYy My

From Eqs. (6.1) and (6.2), we can represent (x,p) in terms of (at,a) as

x = (5% (al+a) (6.3)
2My
G R TGt S NIPURSIC RSPV (6.4)
ny ny

Also from Eqs. (6.1) and (6.2), if [x,p] = i} we see that
al,a] =1 . (6.5)

Conversely, from Eqs. (6.3) and (6.4), if [aT,a] = 1 we note that [x,p] = iH.

The coherent state can be defined by the eigenstate of the nonhermition

15
operator a,

ala> = ala> . (6.6)

Let us find the coordinate representation of the coherent state. From Egs. (6.2)

and (6.3), we have

) [(1 - inj) X + ET —Q—] <x'|a> = a<x'|a> . (6.7)

('7
A ny My

We solve this equation and change the variable x’' into x for convenience,
<x|a> = N exp [ﬂl(-l + in‘) x2 + (2u1)H a x} . (6.8)
2K ny |

We choose the constant of integration N such that
2
dx |<x|a>|® =1 . (6.9)

Then, we find the eigenvector of the operator a in the coordinate representation

|x> as
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<x|a> = (%;)* exp[%ﬁ(-l s iy x4 (gﬁl)” @ x - %lalz . %02] . (6.10)

nY

Next, we show that a coherent state is a minimum uncertainty state. From Egs.
(6.3), (6.4) and (6.6) and their adjoints, we evaluate the expectation values of X,

D, % and p2 in the state |a>:

<alx|a> = (E5)* (a"+a) (6.11)
2My
<alpla> = D™ (A + Da” + 5 - Da (6.12)
ny nvy

<alx2|a> - “L. <a|a+2+az+aa++a+a|a>

My
I RIS (6.13)
2M~y
<alp’la> = BT (-4 )% " 4 (A - %
ny ny
+ (52 + 1](2aa™+1)) . (6.14)
ny

The uncertainty value is

axtp = [(<a|x’|a> - <alx|a>)(<a|p?la> - <alplo>)]®

- w2 1+ (6.15)
nY

which is the minimum value allowed by Eq. (5.2).

VII. Results and discussion

In the previous sections, we have obtained the propagator, wave function,
energy expectation values, uncertainty values and coherent state for a quantum
forced time-dependent harmonic oscillator. These quantities represent the solution
of the classical equation of motion for the time-dependent harmonic oscillator. If
we set f(t) equal to zero, then our solution is correct for the time-dependent

harmonic oscillator. Setting w(t) = W, gives results for the forced harmonic
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oscillator. For the case where f(t) = 0 and w(t) = w,» our results are those of
the simple harmonic oscillator.

For the explicit time-dependent system, we need to consider the quantum
mechanical operator. In our work, the Hamiltonian, Lagrangian and mechanical
energy have the units of energy, but these are not time invariant. Yet, in order
to solve macroscopic physical problems, we use time-invariant operators. For this
reason, we have derived the energy operator from the classical equation of motion
and used it to calculate energy expectation values. Our energy operator is similar

to the Ermakov-Lewis invariant operator. Our quantum energy expectation vlaues
are time-independent quantities, and our uncertainty values are consistent with
Heisenberg’s uncertainty principle. Yet, our uncertainty values are time
dependent, in contrast to those of time-independent systems.

Since it is not possible to construct a coherent state for the forced time-
dependent harmonic oscillator, we have constructed it for the time-dependent
harmonic oscillator. In general, the coherent state is a minimum uncertainty
state, which is also true for our system.

Time-dependent systems are observed in various physical experiments. Two
general types of such systems are: that which is formed through its own
environmental conditions, and that which is formed when external forces are added.
In regard to the second type, various experiments are being carried out to see how
an applied, time-dependent electric, magnetic or other field can alter the physical
properties of materials such as semiconductors and superconductors. Experiments
show that a system becomes time dependent when a time-dependent electric or
magnetic field (such as a.c.) is applied. However, obtaining the quantum
mechanical solution by a direct method is not easy mathematically. One way of
obtaining a solution is to use the propagator method as indicated in this paper,
where the relevant equations are those of a time-dependent harmonic oscillator.

Our results, which are exact for one dimension, can be extended to two or more
dimensions, and they can also be applied to time-dependent macroscopic systems.
One example of an extension to two dimensions would be to solve the motion of a

quantum electron in a time-dependent magnetic field.
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